Abstract. The P 1 -nonconforming finite element is introduced for arbitrary triangulations into quadrilaterals and triangles of multiple connected Lipschitz domains. An explicit a priori analysis for the combination of the Park-Sheen and the Crouzeix-Raviart nonconforming finite element methods is given for second-order elliptic PDEs with inhomogeneous Dirichlet boundary conditions. Key words. nonconforming finite elements, elliptic problems, a priori estimates AMS subject classifications. 65N30, 65N12, 65N15 DOI. 10.1137/110823675 1. Introduction. Park and Sheen [PS03, Par03] introduced a basis for nonconforming P 1 finite elements on triangulations into quadrilaterals of simply connected domains. Adaptive mesh-refinement has recently been proved to be optimal for the related Crouzeix-Raviart nonconforming FEM on triangles [BM08, Rab10] . In order to use adaptive mesh-refinements with the Park-Sheen nonconforming FEM on quadrilaterals, this paper introduces the combination of Park-Sheen with Crouzeix-Raviart nonconforming finite elements. This requires understanding the Park-Sheen FEM on multiple connected domains which consist of the domain Ω without all triangles. The first main result of this paper characterizes a basis of this nonconforming finite element space with global edge-connected exceptional basis functions of Definition 2.5, below. The second main result is a complete a priori error analysis with explicit constants for smooth solutions of second-order elliptic boundary value problems with inhomogeneous Dirichlet conditions. For the Poisson model problem
Introduction. Park and Sheen
introduced a basis for nonconforming P 1 finite elements on triangulations into quadrilaterals of simply connected domains. Adaptive mesh-refinement has recently been proved to be optimal for the related Crouzeix-Raviart nonconforming FEM on triangles [BM08, Rab10] . In order to use adaptive mesh-refinements with the Park-Sheen nonconforming FEM on quadrilaterals, this paper introduces the combination of Park-Sheen with Crouzeix-Raviart nonconforming finite elements. This requires understanding the Park-Sheen FEM on multiple connected domains which consist of the domain Ω without all triangles. The first main result of this paper characterizes a basis of this nonconforming finite element space with global edge-connected exceptional basis functions of Definition 2.5, below. The second main result is a complete a priori error analysis with explicit constants for smooth solutions of second-order elliptic boundary value problems with inhomogeneous Dirichlet conditions. For the Poisson model problem (1.1) −Δu = f in Ω := (0, 1) 2 and u = 0 on ∂Ω and a uniform triangulation of Ω into squares and right isosceles triangles of size h, the a priori estimate of this paper implies for the energy norm (cf. Remark 5.2 below for a proof)
The proposed combination of the Park-Sheen and the Crouzeix-Raviart nonconforming elements combines the minimal degrees of freedom per element domain with the flexibility of adaptive mesh-refinements. The rest of the paper is organized as follows. Section 2 introduces a basis of the nonconforming and piecewise linear finite Although we are interested in Lipschitz domains we have to consider non-Lipschitz domains for quadrilaterals. The reason is that in the combination of triangles and quadrilaterals every edge-connectivity component of quadrilaterals will be discussed separately, which could be possibly non-Lipschitz. An example is the triangulation Downloaded 11/08/17 to 130.149.177.68. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 
Fig. 2.3. Examples of Mn edge-connectivity components of
from Figure 2 .2, where the holes are filled with two triangles, respectively. For arbitrary connected polygonal domains we have to allow, in contrast to Lipschitz domains, multiple nodal basis functions per node. For any node z n ∈ N the neighboring quadrilaterals
For an example see Figure 2 .3. Notice that for Lipschitz domains
Definition 2.4 (nodal basis function II). For any node z n with neighboring quadrilaterals T 4 (z n ) = C n,1∪ . . .∪ C n,Mn we define M n nodal basis functions ϕ n,1 , . . . , ϕ n,Mn ∈ P S(T 4 ) in the following way. Given a triangulation C n,m , define ϕ ∈ P S(C n,m ) as in Definition 2.2 and extend ϕ by zero to a function ϕ n,m in P S(T 4 ). The rest of this section is devoted to multiple connected domains. 
and the fact (ϕ 1 ) = · · · = (ϕ 15 ) = 0 = 1 = (ψ). 
as well as
Then, for any choice
for any other midpoint. 
The choice of E 1 and E J is not unique; cf. The following theorem introduces a basis of P S(T 4 ) for general multiple connected domains with polygonal boundary.
Theorem 2.2 (basis for multiple connected domains). For the regular triangulation value in M 4 and zero elsewhere such that the quadrilateral condition of Q is fulfilled. All these functions are still linearly independent in P S(T 4 ). Together with the nodal basis functions from Definition 2.4 at A and B, which are obviously independent because of their value in M 3 , we constructed At this state, we have found a basis of P S(T 4 ) which does not totally coincide with (2.3). However, the choice of the basis of P S(S 4 ) and some easy linear combinations (especially with the new added functions) yield the claim. Furthermore,
the Crouzeix-Raviart basis function for any edge E which is not part of a quadrilateral. The function φ E has the value 1 at the midpoint of E and is zero at all midpoints of E \ {E}. Then, with the enumeration E(T
3 ) \ E(T 4 ) = {E 1 , . . . , E L }, (F 1,1 , . . . , F 1,|B1| , F 2,1 , . . . , F K,|BK | , φ E1 , . . . , φ EL ) (2.4)
is a basis of PS(T ) and dim(P S(T )) = |E| − |T
4 |. Proof. Consider a linear combination of functions in (2.4) which gives zero and therefore vanishes at all midpoints of E. For j = 1, . . . , L, the Crouzeix-Raviart basis function φ Ej is the only function in (2.4) with φ Ej (mid(E j )) = 0. Thus the coefficients of φ E1 , . . . , φ EL have to vanish. Since the components {C k } cannot be edge-connected, we can consider each edge-connectivity component separately. The fact that B k is a basis of P S(C k ) shows the linear independence of (2.4).
Given an arbitrary u P S ∈ P S(T ), again we use the fact that B k is a basis of P S(C k ). Consequently, the values of u P S at the midpoints of E(T 4 ) can be designed. For any remaining edge, i.e., E(T 3 ) \ E(T 4 ), there exists a Crouzeix-Raviart basis function.
3. Consistent boundary conditions. This section is devoted to Dirichlet boundary conditions and the concept of consistent Dirichlet data. In fact, the diagonal rule of P S(Q) for a quadrilateral Q states a necessary condition for the values at the midpoints of E(Q).
Definition 3.1 (consistent Dirichlet data). Consider Dirichlet data given by the values at the midpoints of E(Γ D ). Such data are called consistent if there exists a linear combination of functions in P S(T ) which have the given boundary values at the midpoints of E(Γ D ).
The following theorem shows how to recognize triangulations where inconsistent boundary data can appear. Proof. Consider that each boundary component consists only of quadrilateral edges and all quantities of edges are even. With E(∂Ω) = {E 1 , . . . , E 2k } we show that the data with 1 at the midpoint of E 1 = conv{A, B} and zero at midpoints of E(∂Ω) \ {E} are not consistent. Since edge-paths just shift boundary data to different boundary components, we can assume that Ω is simply connected. Thus, only ϕ A and ϕ B are nonzero at mid(E 1 ). To generate the value 1 we use x times ϕ A . To reach all the zeros at the boundary one gets alternately minus and plus x times the Downloaded 11/08/17 to 130.149.177.68. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php corresponding nodal basis function. Because of the even quantity of boundary edges, we obtain −x times ϕ B . Thus, the value on the midpoint of E 1 is x − x = 0, which is a contradiction.
For the other direction we construct the boundary data with the value 1 on an arbitrary boundary edge E = conv{A, B} and zero anywhere else. Because of the edge-paths, it suffices to consider edges of Γ j0 . On edges of triangles there is nothing to show, hence we consider an edge of a quadrilateral. To construct the required boundary data, we set 1/2 times ϕ A and 1/2 times ϕ B . To obtain all the zero values, we set alternately minus and plus 1/2 times the corresponding nodal basis function. This algorithm works because of the odd quantity of edges or stops if an edge of a triangle appears.
Remark 3.1. Consistent boundary conditions are necessary for the existence of discrete solutions in section 5.1. Theorem 5.2 presents sufficient conditions as well.
Remark 3.2. In the case of inconsistent data one may change the triangulation, i.e., split one quadrilateral at the boundary into two triangles; see Theorem 3.1. One may also change the data and consider the projection b con D of the boundary data b D into the space of consistent boundary.
The approximation operator of the next section will lead to consistent boundary data.
Approximation operator J.
This section analyzes the nonconforming interpolation operator for triangulations into triangles and quadrilaterals and serves as preparation for the calculation of explicit a priori constants in section 5.
Definition 4.1 (approximation operator J [PS03] ). We define the approximation operator J :
for all midpoints m ∈ mid(E), P 1 , P 2 ∈ N with conv{P 1 , P 2 } ∈ E and ϕ ∈ C(Ω). Remark 4.1. Since J maps into P S(T ), the operator designs consistent boundary data for given Dirichlet data u D ∈ C(Ω).
Proposition 4.1. Let T = conv{P 1 , P 2 , P 3 } be a triangle with greatest interior angle α, diameter h T , and
Then, for w ∈ H 2 (T ) and the nodal interpolation operator I C , it holds that
Proof. The proof of (4.1) can be found in [CGR11] . With mean integral · dx, one notices the trace identity 
Since e vanishes at the endpoints of E, we use the Friedrichs inequality. In addition, we again use the trace identity with f = |∂e/∂s| 2 , which gives
The aforementioned estimates and the first claim (4.1) lead with 2/π ≤ C(α) eventually to
The a priori estimate requires an estimate for w − Jw 2 H 1 (Q) and some shape regularity conditions on the triangulation T . Suppose that interior angles ω in T are uniformly bounded from below and bounded away from π in the sense of
with some universal constant ω 0 > 0. Let θ 0 > 0 be the smallest angle of diagonals in all quadrilaterals in T .
Remark 4.2. For a quadrilateral Q divided by a diagonal into two triangles, the largest interior angles of the triangles belong to the interval [ω 0 , π − ω 0 ]. Hence,
The rest of this section proves the following theorem. Theorem 4.2. Let Q be a convex quadrilateral with constants C(θ 0 ) and C(ω 0 ) as defined in Proposition 4.1. Then, for any w ∈ H 2 (Q), it holds that
Proof. Let E = conv{P 1 , P 3 } be one diagonal of Q = conv{P 1 , . . . , P 4 } with unit tangent vector τ := (P 3 − P 1 )/|P 3 − P 1 |. Let m 1 and m 2 be the edge midpoints of conv{P 1 , P 2 } and conv{P 2 , P 3 }; see Figure 4 .1. Then,
Hence f := ∇(w − Jw) · τ satisfies E f ds = 0. The trace identity (4.3) on T 1 = conv{P 2 , E} leads forf := T1 f dx to The Pythagoras theorem and the Poincaré inequality with the Payne-Weinberger
The same calculation for T 2 as well as on the triangles which occur by the division of Q by the other diagonal with tangent vector μ := (P 4 − P 2 )/|P 4 − P 2 |. |τ · μ| = | cos θ 0 | equals the angle of the diagonals and [CGR11] shows
This is evaluated for a := ∇(w − Jw)(x) and thereafter integrated over x ∈ Q. The estimate (4.7) for all the triangles then proves (4.5).
The proof of the second claim employs the nodal interpolation operator I C from Proposition 4.1 on the triangles T 1 and T 2 of for all y ∈ T 1 and x ∈ m 1 m 2 . Therefore,
This and an analogue on T 2 lead to
The triangle inequality and (4.5)-(4.4) imply
This and (4.2) result in
. Downloaded 11/08/17 to 130.149.177.68. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 5. A priori error estimate for elliptic PDEs. This section analyzes explicitly the involved constant in the a priori error estimate using Park-Sheen elements. Therefore, the existence of a unique solution of the discrete Dirichlet problem is shown first.
Model problem and its discretization.
For the bounded Lipschitz domain Ω, the right-hand side f ∈ L 2 (Ω), and u D ∈ H 2 (Ω), the elliptic boundary value problem reads
Here and throughout this paper, the matrix A ∈ L ∞ (Ω; R 2×2 ) is bounded, symmetric, and uniformly positive definite in the sense that there exist positive α min , α max with The nonsymmetric bilinear form a with
is bounded and H The regularity of u is a subtle issue and we refer to [Gri85] for sufficient conditions for u ∈ H 2 (Ω). Given a regular triangulation T of Ω into triangles and quadrilaterals, the finite element space with boundary conditions reads
P S 0 (T ) = {v P S ∈ P S(T )| for all E ∈ E(∂Ω), v P S (mid(E)) = 0}.
The discrete problem involves the restriction of a to an element Q ∈ T , namely,
and the discrete bilinear form
The discrete bilinear form corresponds to
With
, the weak formulation for the discrete problem reads as follows: seek u 
Proof. Let T * be some refined triangulation into triangles where each quadrilateral in T is divided into two triangles. Then v ∈ H If T consists only of triangles, set κ = 1.
Theorem 5.2 (existence of a unique discrete solution). Let b ∈ H(div, Ω) be piecewise constant. For sufficient small mesh-size in the sense that
there exists a unique solution u 0 P S ∈ P S 0 (T ) of (5.4). Proof. The boundedness of a NC is obvious, so the focus is on the ellipticity with respect to the broken H 1 -norm
Notice that b ∈ H(div, Ω) ∩ P 0 (T ; R 2 ) means that the jumps [b · ν E ] E vanish across all interior edges. An elementwise integration by parts plus (5.2) lead to
Let E be an edge of some quadrilateral Q. If E is an edge on the boundary ∂Ω, u 0
P S is affine and vanishes in mid(E). It follows with h
For an interior edge E = E(Q 1 ) ∩ E(Q 2 ) with midpoint m E := mid(E), the product rule for jumps [·] E and averages · E leads to In the case that Q is a triangle, the aforementioned arguments remain valid with the substitution of κ by 4. The discrete Friedrichs inequality (5.5) as well as the combination of the preceding estimates and the summation over all quadrilaterals and triangles lead to
Provided h max is sufficiently small as in (5.6), this implies ellipticity in the sense of
Remark 5.1. With an analogous calculation, the ellipticity of ||| · ||| NC can be shown for functions in H 1 0 (Ω) + P S 0 (T ). For sufficient small h max and v ∈ H 1 0 (Ω) + P S 0 (T ), it holds that 
Proof. The bounds of A, b, and γ, (5.7), (5.5), and the Young inequality yield
Theorem 5.4 (Strang lemma). The Strang lemma for the present situation reads
(5.9)
Proof. The proof of the Strang lemma in a standard formulation (see, e.g., [BS08, Lemma 10.1.9]) uses the triangle inequality of the energy norm a NC (·, ·). Instead we use the generalized triangle inequality (5.8). 
The constants C(θ 0 ) and C(ω 0 ) are as in Theorem 4.2. Hence, 
(5.11)
Throughout this subsection, v j denotes the restriction of v to a quadrilateral Q j .
5.5.1. Projection R 0 . Let γ j,k denote some interior edge common to Q j , Q k ∈ T . Further, let ·, · γ denote the L 2 -scalar product on γ. Set P 0 (E) the space of edgewise constant functions and define the projection
for all z ∈ P 0 (γ), where γ equals either an interior edge γ j,k or an boundary edge. This requires A∇v ∈ H(div, Ω) ∩ L 2+ (Ω) for some > 0, which is the case for the exact solution u. The paper [PS03] shows for adjacent quadrilaterals or triangles Q j , Q k ∈ T and w P S ∈ P S(T ) the orthogonality 
Estimate of ν|
To shorten the notation, set
Then R 0 u| Q is the edgewise integral mean of g Q along the boundary of Q. Consider the decomposition of Q into four triangles as in Figure 5 .1 and let g Q,E denote the integral mean of g Q,E on T E . Lemma 5.5 (trace inequality I). Let Q be a quadrilateral with diameter h Q and shape regularity constants ω 0 and κ, which is divided into four triangles as in Figure 5.1 . Let E denote some edge of Q with neighboring triangle
Proof. The trace identity (4.3) leads directly to a trace inequality on T E . Together with the Poincaré inequality, this implies
Shape regularity shows for α := ∠BAP from 
For a quadrilateral Q, C tr := 8κ/ sin ω 0 (1/π 2 + 1/π) from Lemma 5.5. For a triangle set T E := Q and substitute κ by 1. Downloaded 11/08/17 to 130.149.177.68. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 5.5.3. Estimate of |a N C (u 0 , w P S ) − F N C (w P S )|. Let w P S ∈ P S 0 (T ) be arbitrary. An integration by parts leads with (5.1) to
This holds for any edgewise constant m j , which is set as the integral mean
The Cauchy-Schwarz inequality leads to
Estimate (5.14) allows for
The subsequent lemma allows for the control of ( * * ). Lemma 5.6 (trace inequality II). Let Q be a quadrilateral or triangle with diameter h Q and shape regularity constants ω 0 and κ. Let w ∈ P 1 (Q) be affine with integral mean m| E := E w ds along any edge E ∈ E(Q). Then it holds that 
Shape regularity results in
Lemma 5.6 implies
The combination of the aforementioned estimates of ( * )-( * * ) verifies
Since w P S ∈ P S 0 (T ) is arbitrary, this proves (5.11).
Result.
In the case b = 0 and b piecewise constant, we consider h max to be as small as in (5.6). Then, the Strang lemma (5.9), the approximation error (5.10), and the consistency error (5.11) lead to the a priori estimate
The constant C is from Lemma 5.3, while C app , C 1 , C 2 are from section 5.4 and
The rest of this section is devoted to the discussion of |||u − u P S ||| NC . Approximation of Dirichlet boundary conditions. From section 5.4 we obtain the constants for estimates of the
Approximation of lower-order terms. The discrete Friedrichs inequality (5.5) yields a bound To bound the error in the H 1 -seminorm, letũ 0 ∈ P S 0 (T ) denote the best approximation of u 0 in P S 0 (T ). Then, (5.7) implies
The best-approximation property ofũ 0 leads to
e., the consistency error from section 5.5. This results in
Estimation of complete error. Recall that the triangle inequality is not valid for ||| · ||| NC . Also, the generalized triangle inequality from Lemma 5. 
The combined calculations from above result in an a priori estimate with explicit constants of the form
Remark 5.2 (example from the introduction). Consider the homogeneous Poisson model problem (1.1) from the introduction with a uniform triangulation of Ω = (0, 1) 2 into squares and right isosceles triangles of size h. This gives in particular α min = α max = 1, β max = 0, γ max = 0, κ = 1, ω 0 = θ 0 = π/2. Thus, the approximation error and the consistency error involve the constants C app = C(π/2) ≤ 0.68, C con = 4/π (1 + π)/3 ≤ 1.5.
Because of b = 0, we can use the Strang lemma in its standard formulation and obtain together with the convexity of Ω,
6. Numerical experiment. The computer experiment of this section is beyond the analysis of this paper in that the exact solution does not belong to H 2 (Ω) and the anisotropic mesh-refinement leads to degenerate constants as κ → ∞. Nevertheless, numerical evidence underlines that adaptivity and even anisotropy improve the convergence rate significantly. Consider the Dirichlet problem −Δu = 0 in Ω and u = u D on ∂Ω Downloaded 11/08/17 to 130.149.177.68. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php The error in the energy norm of the discrete solution using Park-Sheen elements with graded meshes results in the empirical convergence rate 0.44 for β = 1.7 and Downloaded 11/08/17 to 130.149.177.68. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
